Abstract. We consider means to damp the wake-field left behind ultra-relativistic charges. In particular, we focus on a pair of travelling wave accelerators operating at an X-band frequency of 11.424 GHz. In order to maximize the efficiency of acceleration, in the context of a linear collider, multiple bunches of charged particles are accelerated within a given pulse of the electromagnetic field. The wake-field left behind successive bunches, if left unchecked, can seriously disturb the progress of trailing bunches and can lead to an appreciable dilution in the emittance of the beam. We report on a method to minimize the influence of the wake-field on trailing bunches. This method entails detuning the characteristic mode frequencies which make-up the electromagnetic field, damping the wake-field, and interleaving the frequencies of adjacent accelerating structures. Theoretical predictions of the wake-field and modes, based on a circuit model, are compared with experimental measurements of the wake-field conducted within the ASSET facility at SLAC. Very good agreement is obtained between theory and experiment and this allows us to have some confidence in designing the damping of wake-fields in a future linear collider consisting of several thousand of these accelerating structures.
I. INTRODUCTION
In the design of a future linear collider we are required to accelerate bunches of charged particles to a center of mass of the order of 1 TeV [1] . One means of achieving this end is with X-band technology in which the accelerating structures operate at room temperature and accelerate bunches of charged particles at a frequency of 11.424 GHz.
Furthermore, in order to efficiently accelerate the particles, it is required to accelerate many bunches within a given pulse of the rf accelerating field. In the NLC (Next Linear Collider) design, we envisaged accelerating 192 bunches; each bunch consisting of 10 10 electron or positrons. Until accelerates particles within superconducting Niobium cavities. The latter technology choice (although there is considerable design optimization available within this decision) has been adopted by a consensus of the international community as the one to conduct a concerted effort on the design of a complete linear collider [4] .
However, over a decade and a half of experience and the lessons learned in the design of the NLC will be invaluable in aiding the design of the superconducting linear collider. Moreover, the design principles that are employed for the NLC main linac structures are essentially valid for any accelerator which requires a low emittance and high current beam. Furthermore, the damping scheme may have some relevance to the CLIC [5] linear collider, which is still proceeding with a full design at an acceleration frequency of 30 GHz, and similar to the NLC, the wake-field is forced to partially decohere by detuning individual cells of each accelerating structure.
Here we describe the design of damping the wake-field that trails behind each bunch and we report on recent experiment made at the ASSET (Accelerator Structure SETup) facility of the SLAC linear collider and compare it with theoretical predictions.
Prior to proceeding with a description of the approach used in designing the damping of the wake-field it is important to point out how we decided upon the particular structure to accelerate the particle beams in the first place. Initially we chose a traveling wave accelerating structure with a phase advance of 2π/3 per cell as this has the largest shunt impedance (a measure of the efficiency of conversion of rf power into beam power [6] ) and it has been shown to be successful in accelerating the beam on the 2 mile SLAC linac. However, over the last few years we have discovered that
Submitted to Physical Review Special Topics -Accelerators and Beams, July 2006 high-gradients (65 MV/m prior to acceleration of beam) have resulted in significant breakdown within the interior body of the structure. And in order to ameliorate this condition, we opted for a design in which the e.m. field of the fundamental accelerating mode undergoes a phase advance of 5π/6 per cell. This results in a lower group velocity of the accelerating mode. Furthermore, we adopted a ratio of the average iris to free-space wavelength of a/λ ~ 0.17. Both of these design choices were motivated by experimental evidence that the breakdown in the structure is kept to acceptable levels under these conditions [7] . We are still left with the decision as to how many cells will be fed by the input power coupler. In our design we chose 55
cells. This choice was motivated by two conditions, namely, cost and electrical breakdown considerations. In order to minimize the overall cost of each structure, we are required to maximize the number of cells each coupler feeds. However, we are also constrained by the power that can be fed into each coupler, without there being breakdown within the vicinity of the coupler and in the interior of the cells. The power fed into each structure increases with structure length as the power is dissipated in the form of heat on the Cu walls and in losing energy to the accelerated beam along the structure. For this reason we limit the length of each structure to be approximately 60cm and this constrains the number of cells to be 55 for a structure operating in the 5π/6 accelerating mode.
We now return to the main topic of this paper, namely, the wake-field left behind the accelerated particles within the beam. The wake-field can be decomposed into a series of multi-poles [8] .
The first multi-pole (other than the m=0 accelerating mode of Submitted to Physical Review Special Topics -Accelerators and Beams, July 2006 course) is the most dangerous mode as far as disturbing the progress of the beam down the linac is concerned. This multi-pole is known as the dipole component of the wakefield and herein we limit ourselves to damping this particular multi-pole only. The other higher order multi-poles decay more rapidly with a radial dependence of r m and for small transverse offsets they can be safely neglected as they contribute little to overall transverse force the beam experiences. We distinguish between two regimes in the wake-field: the intra-bunch wake-field and the long-range wake-field. The former constitutes the wake-field seen by particles seen within a particular bunch and the latter corresponds to the wake-field left behind a bunch and is experienced by trailing bunches. The intra-bunch, or short-range wake-field can shown to be proportional to the fourth power of the average iris radius (a 4 [9] ) and this, in addition to the reason dictated by minimization of electrical breakdown outlined earlier, is the reason we chose a/λ ~ 0.17 as this gives manageable wake-fields. On the other hand, the longrange wake-field is damped by several means. The initial damping of the wake is affected by forcing the modes which constitute the wake-field to not add coherently.
Thus is achieved by adiabatically changing the dimensions of the iris radius down the structure such that it gets smaller as the beam proceeds downstream towards the high energy end of the structure. The beam is maintained in the 5π/6 mode of acceleration by re-tuning the diameter of each gap adjacent to each iris in the appropriate way.
This is all done with a chosen set of fiducial cells from the structure, in precise detail using the finite difference code Omega3P [10] radius on cell number is discussed in the following section. Also, in addition to tailoring the dimensions of the irises of each structure we force the wake-field to fall even more rapidly initially by meshing the frequencies of neighboring structures such that their dipole frequencies are interleaved. However, damping the wake by this means is not adequate as eventually the wake-field re-coheres and consequently starts to rise to unacceptable levels, from the point of view of beam dynamics. This is mitigated by providing damping four manifolds which run along the outer walls of each accelerating structure. The manifolds and accelerating structure are illustrated in through slots present in almost all of the 55 cells of the structure. The Q associated with this damping is approximately 500 and we refer to this as a medium damped structure (in contra-distinction to, for example the CLIC structure, which is heavily damped with a Q ~ 10 [11] ).
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This paper is organized such that the following section describes the theory behind how the wake-field is calculated in the structure. The third section describes the issues that arise in fabricating these structures very precisely and a comparison is made with the theoretical predictions on the frequency of the modes. The fourth section discusses the experimental measurement of the wake-field on a pair of accelerating structures and this is compared with theoretical predictions. The consequences of this wake-field on the dynamics of the beam are discussed in the penultimate section.
Some conclusions of this research are discussed in the final section.
II. WAKE-FIELD DAMPING: THEORY AND DESIGN
In order to calculate the overall wake-field of a multi-cell accelerating structure we utilize a circuit model with input parameters taken from a limited set of cells and their dispersion properties are simulated with very precise finite element computer codes [10, 12] . The reason we do not use a finite element code such as Omega3P [13] to calculate the wake-field of the complete 55-cell structure is that it would require a substantial amount of computing time and disk space to model it properly.
Furthermore, at the design stage of the accelerator project it is crucially important to be able to routinely make rapid adjustments to the geometrical parameters and feed these back to wake-field model in order to ascertain the impact on the beam dynamics.
Once the parameters of the circuit have been fully parameterized it is an extremely rapid process to calculate the wake-field utilizing the circuit model as the parameters are subsequently varied. Also, at the time of the design of the accelerator, the Submitted to Physical Review Special Topics -Accelerators and Beams, July 2006 complete wake-field for the entire structure from a finite difference code was not available [14] .
A. Circuit Model of Dipole Modes Coupled to Waveguide Manifold
The circuit model for three out of the complete set of 55 cells is illustrated in Fig. 2 .
In the circuit, inductive coupling is utilized between the TM-TM modes and TE-TE modes and the cross-coupled TM-TE modes (and vice-versa). This particular form of coupling was chosen based upon investigations with MAFIA [15] and Omega3P simulations of the e.m. field in the region of the iris of a single cell. However, there is no loss in generality, as changing the sign of the associated coupling coefficient changes the effective coupling to capacitive coupling. The mutual coupling between adjacent TM modes in the circuits is M, the corresponding one for the TE circuits is and the cross-coupling term is M M . The manifold is designed such that a TE 10 mode propagates within it. Thus, we allow for capacitive coupling between the cell modes and the manifold. The circuit equation corresponding to this coupling at an angular frequency ω (= 2πf) is given by:
Here (C n , c n ) represents the manifold shunt capacitance and TE cell capacitance respectively, (V n , v n ) the corresponding voltages across them, and (I n , i n ) the currents through them. Thus the dimensionless quantity κ n provides the manifold-to-cell coupling. It is to be noted that the hybrid nature of the dipole mode is such that the TM/TE ratio becomes larger as one proceeds downstream the cells of a particular structure and thus the coupling coefficient κ n needs to increase correspondingly in order to obtain an approximately fixed damping value. The network equations for the circuit in Fig. 2 can be written in the form given below:
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In Eq. 9 we have used the definition: sincx=sinx/x. There are eight n-dependent parameters per cell exhibited in the above equations. We discuss them below. The 
respectively. The eighth parameter, Γ n ( 2 2 n n n [1 ] 1 − = α κ − κ ), represents the nth manifold-to-TE coupling coefficient. It is a function of α and κ and it is used for convenience in place of the previously defined coupling coefficient κ n .
With Γ set equal to zero, the cell equations become identical to those of detuned accelerator structure described in [16] , and the explicit connection of the relevant parameters to the circuit can be found there. This is to be expected, as in this case the circuit represents nothing more than an accelerator in which the dipole modes are detuned and there is no manifold loading at all (effectively an infinite Q). The source vector B in Eq. (2c) is expressed in terms of cell kick factors in precisely the same n manner as in sections 2.3 and 3.2 of [16] . Also we follow [16] in terminating the chain of cells as implied by simply requiring, n, n 1 ± to all belong to the set {1,...,N}.
In this paper, we terminate the manifold with an outgoing wave boundary condition, which can be shown to require that we replace R 11 and R NN by and respectively. For most purposes we eliminate the explicit appearance of the manifold amplitude vector A by using eq. (2a) to bring the RHS of eq. (2b) to the second form shown. In order to obtain the 8 parameters of each cell we specialize to a structure consisting of identical and infinitely repeating cells and we construct
Brillouin diagrams for each of these cells. The parameters of a particular cell are then extracted from fits to the curves. We do this for a limited set of cells -12 out of a possible 55. The additional parameters are obtained by spline interpolation. This procedure is outlined in the following section.
B. Brillouin Diagram Of A Structure Consisting of Infinitely Periodic Cells
The parameters for a particular cell are determined by fitting to the frequency versus phase advance dispersion curves of the three lowest modes of strictly periodic structures having the dimensions of that particular cell. These are determined from
Omega3P frequency domain simulations of a single section with specified phase advance boundary conditions. The dispersion relation is obtained from Eqs. (2) 
In Eq. 10 f 0 ( ) represents the TE (TM) cell resonant frequency. Also, η ( ) is the corresponding TE (TM) coupling coefficient and 0 fη x η the cross-coupling coefficient.
As an example of the procedure, we illustrate its application to cell 27 in Fig. 3 a. The (a) FIGURE 3a: Brillouin diagram for cell 27 of a 55-cell structure. The dashed curves represent the dispersion curves for the modes prior to coupling to the manifold. Also illustrated is the light line and, the point at which it intersects the cell mode (in which the beam is synchronous with the dipole mode).
parameters are determined by requiring that the three curves pass through eight selected phase-frequency pairs (the red dots in Fig. 3 ) determined from simulations.
The 0 and π phase advance points provide four pairs, and four points near the avoided crossing provide the rest. The dashed curves are obtained by setting the RHS of Eq. avoided crossing of the modes gets larger and we change the cell geometrical parameters accordingly, to achieve the desired avoided crossing and associated damping Q value.
C. Formalism Of Determination Of Wake-field From The Spectral Function Method
Prior to determining the wake-field we recast Eq. 2 in matrix form:
The diagonal elements of H, G, and R are frequency dependent. To further condense the notation we may also write Eq. (11) in 2N by 2N matrix form 2 2 Ha f a f B The drive beam, represented by the N component vector B, couples only to the TM mode. We take it to be a point charge moving at velocity c and normalize it per unit charge per unit displacement. The final wake-field will be that corresponding to excitation by a delta function source. To obtain the wake-field of a realistic beam distribution -usually assumed to be Gaussian -the point source wake-field may be convolved with the spatial distribution [17] . With this understanding, the Fourier transform of the delta-function source term takes the form n n n s s
where K is the single-cell kick factor [16] evaluated at the synchronous mode and f the synchronous mode frequency, both evaluated for a strictly periodic structure based upon the n'th cell [16] . The transverse wake-function (i.e. wake potential per unit length) for a particle trailing a distance s behind a velocity c drive bunch (per unit drive bunch charge per unit drive bunch displacement) may be written 
with the 2N by 2N matrix H given by Because the equivalent circuit wake function contains a small non-physical precursor on the [-NL,0] interval [16] , it proves to be convenient to define a "causal" wake function by: (19) and (20) we interpret
and define 4Im{Z(f+jε)} as the spectral function S(f) of the wake function. Thus we
It is usually more convenient to display the maximum excursions in the amplitude of the field, otherwise known as the envelope of the wake-field. It is straightforward to obtain the envelope of the wake-field from Eq. 22 as:
For the undamped case, corresponding to a purely detuned structure [16] , we set the coupling matrix G to zero, Z is real on the real axis and contains a set of poles on the real axis at the modal frequencies. The spectral function is then simply a sum of delta functions:
where the f p are the modal frequencies, n(f) is the number of modes with frequency less than f, and the K p are called modal kick factors. The spectral function and the modal sum methods are thus formally identical. In the presence of damping, Z is complex on those portions of the real axis which lie in the propagation bands of the manifolds, and poles which would lie on that portion of the real axis in the absence of coupling to the manifold split into complex conjugate pairs on the non-physical sheets accessed by analytic continuation through the cuts. When the coupling is weak so that their position can be found by perturbation theory, their distance from the real axis is small compared to their separation, and the spectral function has sharp narrow peaks in place of the delta functions of the un-damped case. As the coupling strength increases these poles move further from the real axis, the peaks broaden, and while the peaks generally remain quite discernable, the behavior is relatively smooth. The spectral function can be computed as a function of frequency by direct evaluation of Eq. 15. In the weak coupling case it is relatively simple to determine the modal frequencies, eigenvectors and Q values and hence to compute the damped modal sum.
In contrast, a large number of frequency points is required to adequately delineate the narrow peaked spectral function. The situation is reversed in the strong coupling case.
The process of determining the eigenmodes is a difficult and computationally time consuming process as there are 3 x N modes to be determined which must be carefully distinguished from each other, while on the other hand the number of frequency points required to adequately describe the more smoothly varying spectral function becomes more reasonable. Finally we note that the wake-field given in Eq. 22, the causal wake-field, will be used in all subsequent calculations.
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The application of the spectral function technique to the calculation of the wake-field for a set of interleaved spectral functions is outlined in the following section.
D. Evaluation And Optimization Of Wake-field In Practice
After the geometrical parameters have been defined, the associated circuit parameters are calculated and the impedance is calculated from Eq. 15. Firstly we note that in practice the impedance is not calculated from Eq 11 (or Eq 12 for that matter). Since the matrices are all decidedly sparse (as they are at most tridiagonal) it proves to be substantially more computationally efficient to solve the below matrix equation:
where U is the identity matrix of dimension N x N. Furthermore, wall losses are introduced into the analysis by providing a resistor in series with each of the L-C circuits and also in the transmission line which represents the manifold. This adds an imaginary term to the diagonals of the corresponding H-matrices, but it has the benefit of broadening the associated resonant peaks in the spectral function and thus reduces the required sampling of frequency points.
The optimal spectral distribution is determined by the r.m.s of the sum wake-field, the standard deviation of the sum wake-field and by the wake at the first trailing bunch.
The sum wake is defined as the wake-field at a particular bunch summed at the location of all previous bunches. In this way, the r.m.s wake-field indicates whether or not BBU (Beam Break Up) is likely to occur and the standard deviation of the sum wake allows tolerances on alignments of cell-to-cells and groups thereof to be calculated. In all cases it is important to minimize these quantities. And to this end, a
Fortran computer code, "OptimizeSpectralWake" was written which minimizes the sum of these three quantities as the bandwidth of the distribution and associated standard deviation is varied. We found that the wake-field decayed in an optimal manner when an initial distribution of the form is used. In addition, we interleaved the frequencies of 2 structures such that the peaks in one spectral function were located as best they could be between the peak of the spectral function of the neighboring structure. However, in order to facilitate the rapid fabrication of the pair of structures we neglected to use this optimal design in the pair of structures in the final design. We chose to locate the synchronous (or cell frequencies) at the intermediate point between those in the neighboring structure. This is illustrated in Fig. 4 . This is by no means optimal, as will be seen in the calculation of the overall wake-field from its two spectral components. These spectral components are illustrated in However, the peaks in the approximate region close to 15.5 GHz are not so well positioned and could certainly be improved upon. The wake-field, and its individual 
III. FABRICATION METHODOLOGY AND EXPERIMENTAL MEASUREMENTS ON CELLS
Based on the design outlined in the previous section the geometrical features of the cells are faithfully reproduced using a combination of precise milling and a computer numerically controlled lathe equipped with a diamond-tipped cutting element. A typical cell is illustrated in Fig 7 in which the damping manifolds and coupling slots are shown. Prior to bonding these cells into a complete 55-cell stack, the frequencies of individual cells are measured in order to assess how closely the fabricated cells match the initial design frequencies. Both the fundamental, accelerating mode frequency and the dipole mode frequencies are measured. This was achieved in a This adequately meets the frequency tolerance on the fundamental, which are required to be 1 MHz (which we anticipate to be able to readily correct in the structure by tuning successive cells). Also, the dipole mode is required to smoothly varying to within 3 MHz and thus this wake-field-imposed requirement is also met. Once we were satisfied with the tolerances on the frequencies of the modes we went ahead and bonded the full structure. This proceeded in two main steps: diffusion bonding of the cells and brazing on the couplers parts. The complete set of cells are carefully aligned on a "v-block" and diffusion bonded in a furnace at a temperature of a little more than 1020 O C. Once we were satisfied with the rigidity of the stack of bonded cells, higher order mode couplers and associated waveguide are subsequently brazed onto the structure in a hydrogen furnace. In order to clean and make the surface ready for high gradient testing, the structures were wet and dry hydrogen fired, then vacuum baked at 650 O C for 2 to 3 weeks in a double evacuation system. One of a pair of the final accelerator structures, known as H60VG4SL17A is shown in Fig. 9 (a). After completing the fabrication process a pair (H60VG4SL17A/B) of accelerating structures with interleaved frequencies were subsequently installed in the ASSET facility of the SLAC linac. The beam-induced wake-field measurement on these structures is described in the following section.
IV. EXPERIMENTAL MEASUREMENT OF WAKE-FIELD
The Accelerator Structure SETup (ASSET) wake-field measurement facility is located 
which is proportional to both W c (t), the integrated transverse dipole wakefield at time (note that the amplitude of the wake-field represents the maximum excursion wakefield that would be witnessed by trailing bunches, so it is the worst-case field). At the level of the measurement errors, there is remarkable agreement, which confirms the precision by which the structures were fabricated and the validity of the wake-field modeling.
The next section discusses how the wake-field affects the low emittance NLC beams as they traverse the linac. As part of these studies, relatively large random dipolemode frequency errors are introduced to ascertain whether the cell fabrication tolerances can be relaxed to make them less expensive.
V. BEAM DYNAMICS
The progress of the beam down more than five thousand of these accelerating structures will determine whether or not the damping of the wake-field is sufficient [19, 20] . Here we simulate the progress of the beam down a complete linear collider Submitted to Physical Review Special Topics -Accelerators and Beams, July 2006 using the code LIAR [21] . We incorporate random frequency errors into a set of 50 accelerating structures and randomly distribute them along the entire linac. In all cases the beam is injected into the linac with an offset of approximately one σ y , with an energy of 5 GeV and the progress of the beam is monitored as it traverses the entire linac. The final emittance dilution, together with the rms of the sum wake-field, is illustrated in Fig. 12 for small changes in the bunch spacing. The particular simulation illustrated includes a cell-to-cell frequency error with an rms value of 20
MHz. We chose this rather large frequency error in order to gain an understanding of the impact of relaxed reduced to ~ 25 % and if the bunch spacing is reduced by 0.055 % the emittance dilution is reduced to 28 %. These small changes in the bunch spacing correspond to a shift in all the dipole frequencies of the accelerator structure. Thus, the emittance dilution for a change in the bunch spacing can be achieved by shifting the dipole mode frequencies by ~ 7.6 MHz. In practice, this is readily achieved by incorporating slight changes in the geometrical parameters of the iris. A further means to minimize the emittance dilution is to introduce emittance bumps into the linac [22] .
Nonetheless, the present non-optimized two-fold interleaved set of structures gives a final emittance (with suitable shifting of the mode frequencies) of ~ 25% which is close to the NLC emittance budgeted value of 10 % for long-range wakes in the main X-band linacs.
0.05% ±
VI. CONCLUSIONS
The experimentally determined values of the wake-field in a pair of X-band structures have been shown to be well-predicted by the circuit model and spectral function technique. For a linear collider we would make small changes in the geometry of the accelerating structure in order to fully optimize the spectral function distribution.
Furthermore, we also have a carefully optimized design, suitable for linear collider applications that incorporates four-fold interleaving of the dipole frequencies of a group of four structures. This four-fold interleaved design gives rise to no more than 2 percent dilution in the final emittance at the end of the X-band linacs. Armed with the results of this experimental confirmation of the prediction of wake-field for two-fold interleaved structures allows us to have confidence in the behavior of four-fold interleaved structures. Furthermore, considerably relaxed tolerances on the randomness of the dipole frequencies have been shown to have minimal negative impact on the emittance dilution of the beam at the exit of the linac. This will allow relaxed tolerances in the cell parameters and will result considerable savings in the fabrication of several thousand of these structures. The general method of wake-field damping described, is applicable to the CLIC scheme, and indeed to any high current low-emittance accelerator. 
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